The aims of the present study are to represent the concept of restricted breeding values algebraically and to propose a criterion for evaluating the genetic responses achieved by using a restricted selection procedure. An additive genetic mixed model characterized by multiple traits with constraints was assumed. If the random errors approach zero and the fixed effects can be completely estimated correctly in the model, the restricted best linear unbiased predictor of breeding values (u R ) is equal to
| INTRODUC TI ON
Restricted selection is used to control genetic changes in one or more characters that are to be improved. It is a very efficient method of applying antagonistic selection. The concept of imposing restrictions on the conventional selection index was originally proposed by Kempthorne and Nordskog (1959) . The index theory was further extended by Harville (1975) , Yamada, Yokouchi, and Nishida (1975), and Brascamp (1984) to include constraints on proportional changes. As an extension of the selection index theory, a restricted best linear unbiased prediction (RBLUP) of breeding values (BVs) was developed by Quaas and Henderson (1976) . This is accomplished by deriving the best linear unbiased predictors of the BVs, subject to the restriction that the covariance between the predictor and a set of linear functions of the BVs is null.
When we want to improve some traits with constraint, animals are genetically evaluated using a restricted selection index or RBLUP of BVs. However, the concept of restricted selection is obscure and what is estimated on the basis of a restricted selection index or RBLUP procedure is not clear. For example, Díaz, Toro, and Rekaya (1999), and Ieiri, Nomura, Hirooka, and Satoh (2004) used the mean and variance of the achieved genetic response in each of the two traits as their criteria for comparing restricted selection strategies in stochastic simulation studies. Furthermore, if restricted selection is conducted for more than two traits, the comparison becomes more difficult. The objectives of this study are to specify precisely what is estimated on the basis of restricted selection, and to discuss the criteria for selecting candidates and for evaluating the genetic responses achieved when using a restricted selection procedure.
| ME THODS

| Theoretical background of restricted BLUP procedure
An additive genetic mixed model for q traits can be represented as follows:
(1) y = Xb + Zu + e, | 463 SATOH where y is a vector of observations; b is a vector of unknown fixed effects; u and e are vectors of unknown additive genetic effects and random errors, respectively; and X and Z are known incidence matrices relating elements of b to y and u to y, respectively. Let us assume that u and e follow a multivariate normal distribution, with E(u) = E(e) = 0,var(u) = G = G 0 ⊗ A, var(e) = R, and cov(u,e � ) = 0, where G 0 is an additive genetic variance-covariance matrix for the q traits, A is an additive relationship matrix, and R is an error variancecovariance matrix.
Suppose we want to lead a linear function of b and u, say w = k � b + a � u, in model (1) using a linear function of y, say p ′ y, where k and a are any vectors and p is some vector for predicting w. The predictor, p ′ y, is to be chosen such that E(w) = E(p � y) and E(p � y − a � u) 2 is minimally subject to the restriction that E(C � u|p � y) = 0,where C � ( = C � 0 ⊗ I) is a matrix for restriction (Mallard, 1972) . The predictor is where b and t are any solutions to generalized least-squares equations under a model E(y) = Xb + ZGCt and var(y) = V (Quaas & Henderson, 1976) . Then the RBLUP of BVs, û R is It can be shown that the predictor is k �b + a �û R where b and û R are solutions to Equation (3): 
| BLUP of BVs with or without missing records
| RE SULTS
| RBLUP of BVs imposing the restrictions on all animals
The RBLUP of BVs under mixed model (1) is represented by Equation (2).
If e → 0 in model (1) and b can be completely estimated correctly, then the RBLUP of BVs (restricted breeding values: RBVs), u R , is That is, Equations (5), (6), and (8),
where the subscripts 1 and 0 of u R respectively correspond to animals with and without missing records.
| RBLUP of BVs imposing the restrictions on some animals
If the constraints are imposed on the BVs of some animals in a population, C = C 0 ⊗ J, where J is the identity matrix with columns pertaining to animals without constraints deleted (Satoh, 2004) . From Equation (7) 
| Criteria for selecting candidates and response to restricted selection
From Equations (9) through (11), a vector of the BVs is transformed into the corresponding vector of the RBV by the transformation ma-
Note that both order of vectors BVs and RBVs is q, but the dimensions of the vector spaces generated by BVs and RBVs are q and (q − r), respectively. When the linear model used is Equation (1), the RBLUP of u, û R , is where
Supposing that û R is the solution vector in Equation (3) 
| Numerical example of RBVs
The results of a Monte Carlo computer simulation by Ieiri, Nomura, The left-hand side of Table 1 shows genetic gains (BVs) selected by BLUP + LP and RBLUP in each set. In this case, there are two values of evaluation of selection with constraints. Then, by using
A 02 A 00 A 01
A 02 A 00
Equation (13), we evaluate these genetic responses to selection.
Because the constraints are proportional changes for all traits, no economic weights are needed. Assuming that the genetic variances of the two traits are both 1.0, then Hence, Using Equation (14), we can obtain RBVs on the right-hand side of Table 1 . Note that the RBVs of trait 1 and trait 2 are proportional to the predetermined proportional changes (−2:1). Consequently, the RBV of a trait is dependent on that of another trait.
| D ISCUSS I ON
Restricted selection is an efficient method of antagonistic selection. Kempthorne and Nordskog (1959) gave the basic derivation of restricted selection indices. As an extension of the selection index theory, Quaas and Henderson (1976) derived the RBLUP procedure by imposing restrictions on multiple-trait BLUP. Later, Satoh (2018) provided an alternative derivation method of mixed model equations from RBLUP. The original method for calculating RBLUP, imposing the same restrictions on all animals has been studied (Itoh & Iwaisaki, 1990; Quaas & Henderson, 1976; Satoh, 1998) . Satoh (2004) indicated a new procedure for computing RBLUP of BVs when constraints are imposed on the BVs of only some animals in a population.
On the other hand, another restricted selection procedure using linear programming (LP) techniques has been proposed as an alternative to the restricted selection index for sire selection (Famula, 1992) . The efficiency of selection with LP techniques has been compared with RBLUP selection in simulation studies (Díaz et al., 1999; Ieiri, Satoh, & Murakami, 1996; Ieiri et al., 2004; Toro & Silió, 1992) .
In those studies, the mean and variance of the achieved genetic response in each of the two traits were employed as criteria for comparing restricted selection strategies. However, if restricted selection for more than two traits is conducted in a simulation study, the comparison is more difficult.
In any case, BVs in each animal with constraints are linearly transformed to RBVs by the transformation matrix
with the vector space of the RBV represented in the q − r dimension, where q is the dimension of the BV and r is the rank of the restriction matrix C 0 . Therefore, if we want to evaluate the response to restricted selection, such as by a stochastic computer simulation study with known BVs, Equation (13) 
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R E FE R E N C E S
G 0 = 1.0 0.4 0.4 1.0 ,C 0 = 1 2 . (14) H R = v � [I q − G 0 C 0 (C � 0 G 0 C 0 ) −1 C � 0 ]ū =
